The pa per pres ents con di tions that should be met in or der to make the photothermal in duced tem per a ture vari a tions of a solid sam ple anal o gous to the volt age vari ations of the elec tric net work with pas sive lin ear el e ments. Fur ther anal y sis shows that such anal ogy en hances ex per i men tal de ter mi na tion of the ther mal prop er ties of thin solid lay ers by photothermal fre quency method. Key words: photothermal response, thermal wave, transmission-line theory
In tro duc tion
Photothermal (PT) mea sure ment tech niques are be ing in ten sively de vel oped and applied with in creased suc cess to the mea sure ment of ther mal, op ti cal, and other re lated phys i cal prop er ties, as well as for the in ves ti ga tion of subsurface struc ture and mac ro scopic de fects of var i ous sam ples [1] [2] [3] [4] [5] [6] .
PT meth ods are based on di rect or in di rect re cord ing of sur face tem per a ture vari a tions that arise from the gen er a tion and trans fer of heat pro duced as a con se quence of the ab sorp tion of la ser ra di a tion of mod u lated in ten sity by a sam ple. The re sult ing sig nal de pends on the amount of gen er ated heat (de pend ing on the co ef fi cients of op ti cal ab sorp tion and the ef fi ciency of the heat-to-light con ver sion of the sam ple) and on the heat trans fer pro cess (hence on the sample's ther mal con duc tiv ity, co ef fi cient of ther mal diffusivity and other thermophysical prop erties). There fore, PT meth ods have broad ca pa bil i ties as tool for non-de struc tive char ac ter iza tion of var i ous ma te ri als.
In or der to de ter mine the phys i cal prop er ties of the in ves ti gated struc ture, it is nec essary, as the first step, to de velop a math e mat i cal model that suf fi ciently well de scribes phys i cal pro cesses lead ing from the op ti cal ex ci ta tion to the ther mal re sponse (di rect prob lem), and then to solve the in verse prob lem of de ter min ing the phys i cal prop er ties of the sys tem once the op tical ex ci ta tion, ther mal re sponse and model are known. The in verse prob lem is usu ally solved by ap pli ca tion of curve-fit ting. How ever, non-lin ear fit ting be ing a rather com plex pro ce dure, quite of ten gives am big u ous re sults [7, 8] . There fore it is wor thy of ef fort to in ves ti gate ap prox i mate so lu tions of the prob lem that en able de ter min ing the phys i cal prop er ties of the sys tem with out non-lin ear curve-fit ting, by an a lyz ing only cer tain ranges of PT sig nal in func tion of the mod ula tion fre quency.
This pa per deals with one such so lu tion of the in verse prob lem in anal y sis of the PT response, the case when a math e mat i cal model of the PT in duced sur face tem per a ture vari a tions is anal o gous to the model of the flow of elec tric cur rent through an elec tric net work con sist ing of pas sive lin ear el e ments (re sis tors, ca pac i tors, and coils). In that case, al ready de vel oped methods of solv ing the in verse prob lem in pas sive lin ear elec tric net works may also be ap plied to solve the in verse prob lem of char ac ter iza tion of ma te ri als by PT meth ods.
The first part of the pa per pres ents an anal y sis of a model of the PT heat prop a ga tion in or der to de ter mine con di tions un der which the in ves ti gated anal ogy holds. Af ter that, the an alytic ex pres sion for the PT re sponse un der those con di tions is de ter mined, and fi nally, a method of solv ing the in verse prob lem in the case un der con sid er ation is pre sented, and its po ten tials for ap pli ca tion for char ac ter iza tion of ma te rial prop er ties are dis cussed.
Model

Prop a ga tion of the PT in duced heat through the sam ple
The anal y sis pre sented in the pa per con sid ers a typ i cal PT con fig u ra tion sche mat i cally presented in fig. 1 -T , are pro por tional to the PT re sponse [5] . T dc is the steady-state tem per a ture vari a tion. As the heat ing of the sam ple's sur face can be con sid ered uni form over the en tire heated sur face, it can be as sumed that tem per a ture is uni form over all cross-sec tions and that it var ies only along the di rec tion of the in ci dent light beam (x-axis in fig.1.) . Hence, the heat transfer may be con sid ered one-di men sional, and the va lid ity of this as sump tion is al ready rec ognized [5] . There fore, the PT re sponse should be rep re sented as a func tion of only two vari ables,
Tem per a ture vari a tions arise due to the trans fer of heat gen er ated by the ab sorbed ra dia tion, and they are, in one-di men sional case, de scribed by en ergy bal ance equa tion:
where C n stands for the vol u met ric spe cific ther mal ca pac ity of the me dium, S(x, t) -for the volu met ric heat gen er a tion rate, and q(x, t) -for the heat flux. Tak ing into ac count ther mal mem ory and heat con duc tion ef fects, the heat flux de pends on the tem per a ture gra di ent, and this fact is ex pressed by the fol low ing equa tion [5, [9] [10] [11] : where k is the heat con duc tiv ity, and t -the re lax ation time of ther mal pro cesses in the me dium.
In the case of a ho mo ge neous and opaque sam ple, it can be as sumed that the in ci dent light is ab sorbed by a very small re gion of the sam ple, so that the heat gen er a tion rate can be expressed as S(x, t) = S(t) d(x), and thus ther mal vari a tions and heat flux may be de scribed by a set of hy per bolic ho mo ge neous dif fer en tial equa tions of the sec ond or der: ( -, ) ( , ) ,
and con di tions of con ti nu ity of tem per a ture and heat flux on in ter fa cial sur faces: 
Anal ogy with flow of elec tric cur rent through lines
Anal o gies be tween heat con duc tion and elec tric con duc tion pro cesses were al ready in ves ti gated and ap plied to solv ing ther mal prob lems [6, [11] [12] [13] [14] [15] [16] , but pre sent ing mod els nei ther in cludes pas sive lin ear elec tri cal net work anal ogy nor con di tions that should be met in or der to make this anal ogy. In the con sid ered case of the model of the PT re sponse pre sented in the pre vious chap ter, an anal ogy with a model of elec tric cur rent flow through ho mo ge neous lines may eas ily be de rived. The volt age be tween the lines, u(x, t), and the elec tric cur rent pass ing through them, i(x, t), sat isfy the fol low ing equa tions:
where r stands for dis trib uted re sis tance (r = dR/dx), c -for dis trib uted ca pac i tance (c = dC/dx), and l for dis trib uted in duc tance (l = dL/dx) of the line. From eqs. (8) and (9), hy per bolic ho mo ge neous dif fer en tial equa tions of the sec ond or der de scrib ing volt age and elec tric cur rent, the so-called te leg ra phy equa tions, may eas ily be de rived:
An anal ogy be tween the dif fer en tial equa tions de scrib ing the PT re sponse -eqs. (3) and (4), and the flow of elec tric cur rent through lines -eqs. (8) and (9), is es tab lished by in troduc ing the fol low ing re la tion ships:
How ever, by in tro duc ing anal ogy (12), it is stated only that heat con duc tion through one ho mo ge neous layer (air, sam ple or back ing) can be de scribed by an elec tric cur rent flow through ho mo ge neous lines [6, [11] [12] [13] [14] [15] [16] .
Since in PT fre quency meth ods the ex ci ta tion of the sys tem (light beam) is mod u lated by am pli tude, the gen er ated heat can be de scribed as S(t) = S 0 cos (wt), and it is suit able to employ the Fou rier trans form to an a lyze the prob lem. Sym bol w sig ni fies mod u la tion fre quency. Tem per a ture vari a tion and heat flux can be rep re sented by their com plex rep re sen ta tives ~( )
The anal o gous prob lem is solved by ap pli ca tion of com plex rep re sen ta tives for voltage and cur rent, Ũ and Ĩ , respectively:
The sym bols q and y sig nify the phase lag of dy namic tem per a ture J(x,t), -or volt age u (x, t) and heat flux q(x, t) -or elec tric cur rent i(x,t), from dy namic source.
Then, the tele graph equa tions be come or di nary lin ear dif fer en tial equa tions of the second or der in the com plex do main (j is imag i nary unit):
It is con ve nient to write lin ear dif fer en tial equa tions of the sec ond or der in the fol lowing form:
and it fol lows that ~( ) s x is given by:~~,~,s
( ) s x is called com plex trans mis sion co ef fi cient, while z and ỹ are the dis trib uted im ped ance and ad mit tance of the line.
The gen eral so lu tion of eqs. (17) and (18), tak ing into ac count the re la tion be tween volt age and elec tric cur rent, is given by ex pres sions:
where Z c stands for the char ac ter is tic im ped ance of the line:Z z y c =
while A 1 and A 2 are con stants which are to be de ter mined from the bound ary con di tions.
Model of the en vi ron ment and sur face ther mal sources
In or der to de velop an elec tric net work that will be the an a log of the PT in duced system un der con sid er ation, the bound ary and in ter faces con di tions -eqs. (6) and (7), should be em ployed. The bound ary con di tions, eq. (6), es sen tially mean that the lay ers of air and back ing are much lon ger than the layer of the sam ple, sug gest ing that the en vi ron ment of the sam ple should be mod eled as very long (semi-in fi nite) lines.
In the case of very long (semi-in fi nite) lines, the con stant A 2 has to be zero, to pro vide fi nite val ues for volt age and cur rent when x ® 4. There fore, for very long lines there holds the equa tion (in de pend ent of x)~( )
show ing that a very long line can be mod eled as elec tric el e ment with im ped ance equal to the char ac ter is tic im ped ance of the line. Be sides, the fact that A 2 = 0 also im plies that near the end of very long lines volt age and elec tric cur rent tend to zero. The de rived con clu sion may be used to de velop an anal o gous elec tric model for anal ysis of PT phe nom ena in opaque sam ples, which is pre sented in fig. 2 
The gen er ated heat at x = 0 is mod eled by ideal cur rent source giv ing elec tric cur rent S 0 , thus sat isfy ing bound ary con di tions eq. (7). The val ues of volt ages and elec tric cur rents in this cir cuit are equal to the val ues of tem per a ture vari a tions and heat flux at the re spec tive points of the sam ple.
Model of the sam ple
PT ap pli ca tions to char ac ter iza tion and im ag ing of ma te ri als im ply the di rect or in direct mea sure ment of tem per a ture vari a tions of one sur face of the sam ple. There fore, from the point of view of the anal y sis of the PT re sponse, a rel e vant model of the sam ple should be able to de scribe tem per a ture vari a tions on the sam ple's sur faces, while tem per a ture vari a tions within 
Re la tion (28) is known in the the ory of elec tric cir cuits as the rep re sen ta tion of the elec tric net work by a-pa ram e ters. It is also es tab lished that, for any given ma trix of a-pa ram eters, it is pos si ble to com pose a four-ter mi nal elec tric net work con sist ing of el e ments with concen trated pa ram e ters, which is de scribed by the given ma trix. There fore, it is pos si ble to compose an elec tric net work con sist ing of the el e ments with con cen trated (not any more dis trib uted) pa ram e ters, which has the same re la tions be tween the volt ages and elec tric cur rents at the ends, de scribed by eq. (28), as the con sid ered line. The scheme of the net work is pre sented in fig. 3 , while the val ues of the im ped ance and ad mit tance in the net work are:~~~~~~Z 
As the con sid ered line of fi nite length rep resents an elec tric model of the PT in duced sam ple, the elec tric net work from fig. 3 is an elec tric model of tem per a ture vari a tions and heat fluxes at the sur faces of the sam ple.
The im ped ance and the ad mit tance rep re senting the sam ple in fig. 3 should have the val ues: 
Fig ure 3. Elec tric net work mod el ing the PT in duced sam ple
The spe cial case con sid ers multi-layer structures, where each layer has dif fer ent ther mal char ac ter is tics. How ever, since the bound ary con di tions for the heat trans fer be tween the layers con sist of con ti nu ity of heat flux and temper a ture on in ter fa cial sur faces, while the bound ary con di tions be tween the elec tric lines con sist of con ti nu ity of volt age and elec tric current, multi-layer struc tures may be mod eled by com plex elec tri cal net work con sist ing of sev eral stages, each stage rep re sent ing one layer of multi-layer struc ture by elec tri cal net work in fig. 3 . Such elec tric model for anal y sis of the PT re sponse of a struc ture with n lay ers is pre sented in fig. 4 . Each layer L m is rep re sented by im ped ances and ad mit tance that have val ues as de termined by eq. (30).
While the cir cuit in fig. 3 has a rather sim ple struc ture, the im ped ance and the ad mittance can not be rep re sented by real elec tric el e ments (re sis tors, ca pac i tors, and coils); so, the obtained anal o gous cir cuit is not suit able for ap pli ca tion to stan dard meth ods of anal y sis of elec tric cir cuits.
Anal ogy with pas sive lin ear net works
Ex pres sions for the equiv a lent im ped ance and ad mit tance, eq. 
In that case, the anal o gous elec tric net work from fig. 3 may be pre sented by us ing only pas sive lin ear el e ments (re sis tors, ca pac i tors, and coils), as it is shown in fig. 5 .
The el e ments in a pas sive lin ear net work (in further text also de noted by the ab bre vi a tion PLN) that is the model of a sur face tem per a ture vari a tions of a PT in duced sam ple has the fol low ing val ues: 
When the PT re sponse can be mod eled by PLN, the ma trix equa tion (28) re duces to: The spe cial case con sid ers multi-layer struc tures, where each layer sat is fies the con dition -eq. (33). These struc tures may be mod eled by PLNs con sist ing of sev eral stages, each stage rep re sent ing one layer of multi-layer struc ture by PLN in fig. 5 .
Dis cus sion
Con di tions for mod el ing PT re sponse by pas sive lin ear net works
It is al ready es tab lished that the con di tion to model anal o gous elec tric cir cuit by passive lin ear el e ments is ex pressed by eq. (33). Re writ ten by elec tric line pa ram e ters, the re la tions take the form:
Elec tric line pa ram e ters may be used to ex press con di tion for the mod el ing in terms of the prop er ties of the PT in duced sam ple: 
The de rived con di tion (44) shows that the PT re sponse of any sam ple can be mod eled by PLN for suf fi ciently low fre quen cies. For a sam ple with thick ness d t , the lim it ing fre quency is w t ; for sam ples thin ner than d t , the lim it ing fre quency in creases in versely pro por tion ally to the thick ness of the sam ple; for sam ples thicker than d t the lim it ing fre quency de creases inversely pro por tion ally to the square of the thick ness of the sam ple. At the same time, it should be noted that when the mod el ing of the sam ple by PLN is pos si ble, the sam ples thicker than d t can be mod eled by net works con sist ing only of re sis tor and ca pac i tor (RC net works), be cause thermal mem ory ef fects may be ne glected at fre quen cies much lower than w t .
The con di tion (44) is graph i cally pre sented in fig. 6 : in or der to ap ply the mod el ing by PLN, the mod u la tion fre quency and depth of the PT in duced sam ple should de scribe a point deep within the shadowed area.
Ta ble 1 pres ents a list of typ i cal rep re sen ta tives of var i ous classes of ma te ri als, together with re spec tive crit i cal thick nesses d t and fre quen cies w t , cal cu lated on the ba sis of bulk ma te rial prop er ties.
The ta ble sug gests that thin lay ers (up to the or der of mi crom e ter) of crys tal line ma te rials may be mod eled by PLN for all ex per i men tally achiev able mod u la tion fre quen cies (of the order of 10 Hz to 100 MHz), while the thick nesses of the sam ples of non-crys tal line ma te ri als, which may be mod eled by PLN, are of the order of millimeter.
Char ac ter iza tion of PT sam ple prop er ties by anal ogy with pas sive lin ear net works
This chap ter dis cusses the pos si bil i ties of ap pli ca tion of the de vel oped anal ogy in the de ter mi na tion of the prop er ties of PT in duced sam ples. The anal ogy will be ap plied by us ing meth ods for fre quency anal y sis of PLN to anal y sis of fre quency de pend ence of the PT re sponse.
In or der to char ac ter ize the ma te rial prop er ties of thin lay ers, fre quency re sponse of dif fer en tial PT re sponse of the so-called free stand ing sam ple is mea sured. The dif fer en tial PT re sponse is the ra tio of tem per a ture vari a tions on the sam ple's sur faces, J(d)/J(0), and free-stand ing sam ple is a sam ple that is sur rounded by air or some other gas (ide ally vac uum). Heat con duc tiv i ties of gases are very low com pared with sol ids; so, as sum ing that k air ® 0, it can be con sid ered that the char ac ter is tic im ped ances of air and back ing in anal o gous elec tric model, Z ca and Z cb , are in fi nite, so that elec tric cur rents pass ing through them are equal to zero.
The the ory of PLN shows that fre quency de pend ence of any volt age may be ex pressed in the com plex do main by ra tio nal func tions of fre quency, and an a lyzed by ap ply ing anal y sis of ze roes and poles of the func tions, as it will be pre sented later in the text.
In the case of the free-stand ing sam ple, ~( ) I d in the anal o gous elec tric cir cuit from fig. 5 equals to zero, and thus eq. (36) gives re sult:
There fore ap ply ing the anal ogy be tween the elec tric cir cuit and the PT in duced sam ple, and the al ready es tab lished re la tions (12) , (33), (35), (40), and (42), it can be con cluded that: when the con di tion x < 0.5 is statisfied, as it is shown in fig. 8 Con sid er ing eq. (52), it means that PT spec tra of thin sam ples, sat is fy ing con di tion d/d t < 1/3 1/2 , ex hibit a peak at a fre quency w max. , which can still be ap prox i mately con sid ered to be long to the fre quency range where PLN model is ap pli ca ble, be cause the va lid ity of the model for thin sam ples is de ter mined by con di tion (44). There fore, while the Bode plot anal y sis can not be ap plied for thin sam ples, the PLN model pro vides the pos si bil ity of de ter min ing w 0 and xof thin sam ples from the ex per i men tal data with out ap pli ca tion of the fit ting pro ce dure. Equa tions (44), (52), and (53) en able fur ther de ter mi na tion of the val ues of the sam ple pa ram e ters D s and t s , thus pro vid ing the pos si bil ity of per form ing char ac ter iza tion of a sam ple with out fit ting.
Be sides, it should be noted that the ex pres sion given by eq. (46), de rived by ap pli ca tion of the PLN mod eling, is suit able for non-lin ear curve fit ting. Thus, even in the cases when con ven tional meth ods of anal y sis of fre quency anal y sis of elec tric cir cuits are not ap pli cable, the mod el ing of the PT re sponse by PLN sim pli fies the char ac ter iza tion of PT in duced sam ples.
The spe cial case that will be dis cussed is the case of the free-stand ing multi-layer PT sam ple. In or der to model the PT re sponse of such struc ture by lin ear pas sive elec tric net work pre sented in fig. 4 , it is nec es sary that the con di tion (44) be sat isfied for each of the lay ers. If that is the case, a PT in duced sam ple with n lay ers may be mod eled by lin ear pas sive elec tric net work that, based on eq. 
where a k and b uv are real con stants. Hence, the dif fer en tial PT re sponse of the multi-layer sample can be ex pressed in the fol low ing form: 
